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r-{ ' Summary. We study deformation quantization on an infinite-dimensional Hilbert 

space W endowed with its canonical Poisson structure. The standard example of 
QQ ■ the Moyal star-product is made explicit and it is shown that it is well defined on 

rvj ' a subalgebra of C°°{W). A classification of inequivalent deformation quantizations 

of exponential type, containing the Moyal and normal star-products, is also given. 
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1 Introduction 



Deformation quantization provides an alternative formulation of Quantum Mechan- 
ics by interpreting quantization as a deformation of the commutative algebra a clas- 
sical observables into a noncommutative algebra .1.. The quantum algebra is defined 
by a formal associative star-product -k^ which encodes the algebraic structure of the 
set of observables. 

^ ' Deformation quantization has been applied with increasing generality to several 

^f^ I area of mathematics and physics. Most of these applications deal with star-products 

00 ' on finite-dimensional manifolds. See E] for a recent review. 

lO ' It is natural to consider an extension of deformation quantization to infinite- 

^^D , dimensional manifolds as it appears to be a good setting where quantum field theory 

^p ■ of nonlinear wave equations can be formulated (e.g. in the sense of I. Segal |ll|'l. 

JN ' In the star-product approach, the first steps in that direction are given in |11|S|. 

Recently, deformation quantization has become popular among field and string 



r^ ' theorists. A generalization of Moyal star-product to infinite-dimensional spaces ap- 



pears in several places in the literature. Let us just notice that the Witten star- 

a product )12) appearing in string field theory is heuristically equivalent to an infinite- 

dimensional version of the Moyal star-product. A brute force generalization of Moyal 
^ , star-product to field theory yields to some pathological and unpleasant features such 

• rH . as anomalies and breakdown of associativity. We think that it is worth writing down 

^\ ' a mathematical study of the Moyal product in infinite dimension even if it is not 

an adequate product for field theory considerations. 

In the finite-dimensional case, the existence of star-products on any (real) sym- 
plectic manifold has been established by DeWilde and Lecomte 0. The general exis- 
tence and classification problems for the deformation quantization of a Poisson man- 
ifold was solved by Kontsevich [3]. However, the very first problem that one faces 
when going over infinite-dimensional spaces, it to make sense of the star-product 
itself as a formal associative product. It contrasts with the finite-dimensional case 
where the deformation is defined on all of the smooth functions on the manifold. 
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This is by far too demanding in the infinite-dimensional case even when the Poisson 
structure is well-defined on all of the smooth functions (e.g. on Banach or Frechet 
spaces). One should specify first an Abelian algebra of admissible functions which 
then can be deformed. For example, on _B = 5 x <S, where iS is the Schwartz space on 
R", endowed with its canonical Poisson structure, one cannot expect to write down 
a star-product defined on all holomorphic functions on E, but has to restrict it to 
some subalgebra. For example, in |S| it is shown, that for such a simple star-product 
as the normal star-product, it is defined on the subalgebra of holomorphic functions 
of a and a (creation and annihilation 'operators') having semi-regular kernels. In 
|S], one can find a nice analysis for the normal star-product and the conditions on 
the kernel have been translated in terms of wave front set of the distributions. 

After making precise what is a deformation quantization on a Hilbert space, 
we first present a study of Moyal product when the space-space is the direct sum 
of a Hilbert space with its dual. We identify a subalgebra of smooth functions, 
specified by conditions of Hilbert-Schmidt type on their derivatives, on which the 
Moyal product makes sense. We also define a family of star-products of exponential 
type, show that they are not all equivalent to each other and give the classification 
of their equivalence classes in terms of Hilbert-Schmidt operators. 



2 Star-products on a Hilbert space 

When infinite-dimensional spaces are involved, further conditions are needed to 
define a deformation quantization or a star-product. The algebra of functions on 
which the Poisson bracket and the star-product are defined should be specified along 
with the class of admissible cochains (especially when the issue of the equivalence 
of deformations is considered) . 

2.1 Notations 

Let B be a Banach space over a field K (R or C). The topological dual of B shall 
be denoted by B* . The Banach space of bounded r-linear forms on B is denoted 
by £'"(_B,K) and £.ly^{B,K) is the subspace of £^{B,K) consisting of bounded 
symmetric r-linear forms on B. We shall denote by C°° (S, K) the space of K-valued 
functions on B that are smooth in the Frechet sense. The Frechet derivative of 
F e C°°(W, K) is denoted by DF and it is a smooth map from B to C^{B, K) = B*, 
i.e., DF e C°^{B,B*). For F e C°°{B,K), the higher derivative D''''F belongs to 
C°°{B,£lym{B,K)) and we shaU use the following notation L»''''i^(6).(bi, . . . , 6^) 
for the r*''-derivative of F evaluated at fe G B in the direction of (bi, . . . , 6^) G B'^ . 
Let W be an infinite-dimensional separable Hilbert space over a field K. For 
notational reasons, as it will become clear later, it would be convenient for us to 
not identify W* with W . For any orthonormal basis {ei}i>i in W and corresponding 
dual basis {e*}i>i in W* , we shall denote the partial derivative of _F G C°°{W, K) 
evaluated at w in the direction of e^ by diF(w) G K, i.e., diF{'w) = DF(w).ei. 
Since F is differentiable in the Frechet sense, we have DF{w) = X]i>i diF{w)e* 
and thus, for any w G W, that X!j>]^ \diF{'w)f < oo. 
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2.2 Multidifferential operators 

Let us first make precise what we call a Poisson structure on W . In the following, 
we will consider a map P that sends W into a space of (not necessarily bounded) 
bilinear forms on W* and a subalgebra J^ of C°°(M^, K). We define the subspace 
V^ = {DF{w) \ F eT} oiW*. 

Definition 1. Let W be a Hilbert space. Let T be an Abelian subalgebra (for the 
pointwise product) of C^ {W,K) . A Poisson bracket on {W,J-) is a K-bilinear map 
{•,•}: ^ X JF —> J-" such that: 

i) there exists a map P from W to the space of bilinear forms on W* , so 
that the domain of P{w) contains V^, x T?^ and \/F,G G T, {F,G}{w) — 
P(w).{DF{w),DG{w)) where w gW. 

ii) {J^, {■,■}) is a Poisson algebra, i.e., skew-symmetry, Leibniz rule, and Jacobi 
identity are satisfied. 

The triple {W,J-, {■, ■}) is called a Poisson space. 

Let us give an example where P{w) is an unbounded bilinear form on W* . 

Example 1. Consider a real Hilbert space W with orthonormal basis {ei}i>o. We 
will realize the following subalgebra of the Witt algebra: 

[Lm,L„]^ {m — n)Lm.+n, m,n>0, 

by functions on W. For w £ W, let (jii^w) = {e*,w), i > be the coordinate 
functions. The algebra JT generated by the family of functions {<^,;}i>o is an Abelian 
subalgebra of C°°(W, R) consisting of polynomial functions in a finite number of 
variables. The following expression: 

{F,G}{w)= Y. {m-n)(l>^+4w)d,r.F{w)d,,Giw), F,GeJ',weW, 

m.n>0 

defines a Poisson bracket on {W, J-). Indeed the right-hand side is a finite sum and 
is a function in T, and we have: 

{<t>iAj} = {i- j)'t>i+j, 
from which Jacobi identity follows. The special case when j = gives: 

{<t)^, (t>Q}iw) = P{w).{D<t,,.{w), D<t,oH) = ^W-(e:, c5) = iM^)- 

By choosing an appropriate w (e.g. w = X]j>i ^"'^ ^0) then P{w).{e*,eo) — i4>i{w) 
can become as large as desired by varying i. This shows that the bilinear form P{w) 
cannot be bounded. 

The generalization of Def. Qto multidifi^erential operators on W is straightfor- 
ward. Again, given an Abelian subalgebra J- of C°°{W,]K), we define the following 
subspace of £,ly^{W,K): 

V^ir) = {D^'^^Fiw) \FeT}. 
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Definition 2. Let W be a Hilhert space. Let T be an Abelian subalgebra, for the 
pointwise product, of C°° {W,M.) . Let r > 1, an r- differential operator A on {W,J-) 
is an r-linear map A : J-^ — > J^ such that: 

i) for (ui, . . . ,nr) G N'', there exists a map a'"i'"""'"' from W to a space of (not 
necessarily bounded) r-linear forms on £"y^(H^,K) x ■ ■ ■ x £"yjn(VK,K), i.e., 

a("i--"-)H: Di"i--"'-' c£e7m(VK,K) x ■■■ x C;^(W,K) -.K, 

so that the domain Vi!,'^'"'"'' of a^"^''"''^^'{w) contains V^ (ni) x ■■■ x 7)^ (ur) and 
^(ni,...,n^) ^^ Q gxcept for finitely many {ni ,..., Ur) ; 

ii) for any Fi, . . . ,Fr G JT and w £ W , we have 

Notice that Poisson brackets as defined above are special cases of bidifferential 
operators in the sense of Def. |21with P — a'^'^'. 



2.3 Deformation quantization on W 

We now have all the ingredients to define what is meant by deformation quantization 
of a Poisson space {W,J-, {■, •}) when VK is a Hilbert space. 

Definition 3. Let W be a Hilbert space and {W, J- ,{■,■}) be a Poisson space. A 
star-product on (W, J-, {■, •}) is a K[[h]]-biUnear product *n : .?^[[fi]] x .^-"[[fi-]] —> J'[[h]] 
given by F-kh G = J2r>o K^Cr{F, G) for F,G £ T and extended by ¥\[h\\-bilinearity 
to J'^K^, and satisfying for any F,G, H £ T : 

i)Co{F,G)^FG, 

ii) CiiF, G) - Ci(G, F) = 2{F, G}, 

Hi) for r > 1, Cr'- 3~ x T ^f T are bidifferential operators in the sense of Def. [^ 
vanishing on constants, 

iv) F *ft (G •h H) = {F *h G) •h H. 

The triple {W,J-[[h]],-ki^) is called a deformation quantization of the Poisson space 

{W,T, {;■}). 

We also have a notion of equivalence of deformations adapted to our context: 

Definition 4. Two deformation quantizations {W,J-[[h]],-k\) and (W, jr[[/i]],*|) of 
the same Poisson space {W,J-, {•, ■}) are said to be equivalent if there exists a M.[[h]]- 
Imear map T: J-[[h]] — > .?^[[ft]] expressed as a formal series T = Idjr + X^r>i ft'Tr 
satisfying: 

i) Tr'. J- ^ J-, r >1, are differential operators in the sense of Def. \^ vanishing on 
constants, 



V T{F) 4 T{G) = T(F 4 G), VF, G G ^. 
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3 Moyal product on a Hilbert space 

We present an infinite-dimensional version of the Moyal product defined on a class 
of smooth functions specified by a Hilbert-Schmidt type of conditions on their 
derivatives. 

3.1 Poisson structure 

Let Ti be an infinite-dimensional separable Hilbert space. We consider the phase- 
space W = Ti (B 'H* endowed with its canonical strong symplectic structure 
ui{{xx,T)\), {X2,rj2)) = r]i{x2) - ??2(3::i), where a;i,a;2 £ H and rii,ri2 £ H* . 

Let F: W ^ C be a C°° function (in the Frechet sense). We shall denote 
by DiF{x,rj) (resp. D2F{x,rj)) the first (resp. second) partial Frechet derivative 
of F evaluated at point {x,ri) G W. With the identification Ti.** ~ 7i we have 
DiF{x,ri) € H* and D2F{x,rj) G H. Let {■,■): H* x Ti. ^ K be the canonical 
pairing between TC and Ti* ■ 

With these notations, the bracket associated with the canonical symplectic 
structure on W takes the form: 

{F,G}{x,rj) = {D,F{x,i^),D2G{x,v)) - {DiG{x,r,), D2Fix,r,)), (1) 

where F,GgC°°(W,K). 

Proposition 1. The space W endowed with the bracket Q) is an infinite- dimen- 
sional Poisson space or, equivalently, {C°°{W,K),{-, ■}) is a Poisson algebra. 

Proof. One has only to check that the map {x,rj) h^ {F,G}{x,ri) belongs to 
C°°{W,K) for any F,G € C°°{W,K). Then Leibniz property and Jacobi identity 
will follow. For F,G G C°°(W,K), the maps {x,rj) ^ {DiF{x,ri),D2G{x,rj)) and 
(C,y) 1-^ (C,J/> belong to C^{W,H* x H) and C^iH* xH,K), respectively. The 
map {x,ri) h^ {F,G}{x,ri), as composition of C°° maps, is therefore in C°°{W,K). 
D 

For any orthonormal basis {ei}i>i in Ti, and dual basis {e*}i>i in Ti.* , the com- 
plex number diF{x,ri) shall denote the partial derivative of F evaluated at {x,ri) 
in the direction of e^, i.e. diF{x,rj) = DF{x,r]).{ei,0) = DiF{x,ri).ei, and, simi- 
larly, di*F{x,r]) = DF{x,ri).{0,e*) = D2F{x,ri).e* is the partial derivative in the 
direction of e*. Notice that i* should not be considered as a different index from i 
when sums are involved, it is merely a mnemonic notation to distinguish partial 
derivatives in TC and in Ti* . 

For F G C°°{W,K), we have for any {x,r]) G W that J2^>l \^^F{x,rJ)\^ < oo 
and X]i>i 1^*1*^(2^1^)1^ < oo, hence the Poisson bracket Q admits an equivalent 
form in terms of an absolutely convergent series: 

{F, G}{x,ri)=Y. (^»^(^' '')^»* G(^' '') " ^»G(^' '?)^»* ^(^' '?)) • (2) 
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3.2 Functions of Hilbert-Schmidt type 

We now define a subalgebra of C°°(VK, K) suited for our discussion. Let us start 
witli some definitions and notations. 

For any F € C'^{W,K) and {x,ri) £ W, tlie fiiglier derivatives 

D'-'''>F{x,rj):Wx---xW-^K, r > 1, 

are bounded symmetric r-linear maps and partial derivatives of F will be denoted 
Dai---arF{x,v) where ai,. . . ,ar are taking values 1 or 2. Let us introduce: 

y{") _ J '^' ifa=l; b [2, ifa^l; .(q) fi, if Q = 1; 



^w^;--' --" - q" = <^-' "" ^' i^°' = <^ ' ' (3) 

'^H*, if a = 2. [1, if a = 2. [i* , if a = 2. 

Also i" will stand for either i or i*. With these notations, partial derivatives of F 
are bounded r-linear maps: 

D^Jl..„^F{x,-n):n'^'^'^ X--- xH*"--' -^K. 

It is convenient to introduce new symbols such as dij'k for higher partial 
derivatives, e.g., dij*kF{x,r)) £ K stands for D'^'F(a;, r;).((ei, 0), (0, e*), (e^, 0)) = 
Dl2^F{x,T]).{ei, e* , ek), where {ei}i>i (resp. {e*}i>i) is an orthonormal basis in Ti. 
(resp. TC*). 

Deflnition 5. Let {ei}i>i be an orthonormal basis in Ti. and {e*}i>i be the dual 
basis in Ti* . Functions of Hilbert-Schmidt type are functions F in C°°(W^, K) such 
that 

E l^4...4-^(^''?)l'<~' Vr>l,V(x,r,)eW. (4) 

il ... .,ii- >1 

The sums involved have to be interpreted in the sense of summable families. 
By Schwarz lemma for partial derivatives, it should be understood that Eq. Ol) 
represents r + 1 distinct sums corresponding to all of the choices v = i or i* . The 
set of functions of Hilbert-Schmidt type on W will be denoted by Ths- 

The definition above is independent of the choice of the orthonormal basis. 

Remark 1. Let N* be the set of positive integers. For each r > 1, the set of families 
of elements {x/}igNj in K such that JZ/eN'- \^i'^ < oo is the Hilbert space £^(N*) 
for the usual operations and inner product. Then condition (^ can be equivalently 
stated in the following way: F G C°°{W,'K) is of Hilbert-Schmidt type if and only 
if, for any r > 1 and any (x^rf) £ W, the 2'' families {84 .f,F(x,ri)\,.i JicNr 

belong to ^2 (N:). 

Remark 2. The set J-hs does not contain all of the (continuous) polynomials on W . 
For example, the polynomial P{y,(,) — {i,y) is not in Ths as J2ij>i \9ij' P{x,ri)f 
= ^^ .^-^ 6ij = 00. In a quantum field theory context, the polynomial P corresponds 
to a free Hamiltonian in the holomorphic representation. 
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Proposition 2. The set of functions of Hilbert- Schmidt type is an Abelian subal- 
gebra o/C°°(VK, K) for the pointwise product of functions. 

Proof. Let a, 6 G K and F,G £ Ths- It is clear from Remark 1 that aF + bG is in 
F,G £ Ths- The product FG belongs to J-hs as a consequence of the Leibniz rule 
for the derivatives and from: if {i/}/gM'- £ ^^(NJ) and {yj}jgNs G ^^(NJ), then 

Moreover the Poisson bracket Q restricts to Ths and we have: 

Proposition 3. {W,J-hs, {■, ■}) *s a Poisson space. 

Proof. Let F and G be in Ths- According to the proof of Prop. Q the map 
$: {x,T)) ^ {DiF{x,ri),D2G{x,ri)) is in C°°{W,K) and splits as follows: 

<P: W '^' > H' xH '^" > K 
{x,rj) H^ (DiF(x,77),D2G(a:,77)) ^ {D^F{x,r^),D2G{x,rj)), 

where both ^\ and 'I'2 are C°° maps. We only need to check that $ is of Hilbert- 
Schmidt type. 

By applying the chain rule to ^ = <Z'2 o !^i , it is easy to see that we can freely 
interchange partial derivatives with the sum sign and we get that the partial deriva- 
tives of ^ is a finite sum of terms of the form: 

The Cauchy-Schwarz inequality implies that the family {a tt ,j , j , j } is in P (NJ^") 
and thus $ belongs to Ths- Hence Ths is closed under the Poisson bracket. D 



3.3 Moyal star-product on W 

We are now in position to define the Moyal star-product on W as an associative 
product on .Fi:fs[[fi]]. 

For F,G G Ths, {x, rf) £ W, r > 1, ai, . . . , Or, /3i . . . , /3r equal to 1 or 2, and 
with the notations introduced previously, let us define: 

{{D^Jl..^^F,DJ[l„^^G)){x,r,) = Yl ^4-i)....<-)^(^''?) a^(^i)..4^.)G(:r,7?). 

(6) 

Remark 3. The preceding definition does not depend on the choice of the orthonor- 
mal basis in Ti and the series is absolutely convergent as a consequence of the 
Cauchy-Schwarz inequality. 

Let A be the canonical symplectic 2 x 2- matrix with A^'^ = -1-1. As in the finite- 
dimensional case, the powers of the Poisson bracket Q are defined as: 



8 Giuseppe Dito 

Cr{F,G)= Y. E A-^^^---A-'-^^{{D^:l..^^F,Dl\„^^G)). (7) 

ai,...,Q,, = l,2/3i,...,/3r = l,2 

The next Proposition shows that the Cr are bidifFerential operators in the sense 
of Def. Inland they close on J-hs- We shall use a specific version of the Hilbert 
tensor product O between Hilbert spaces (see e.g. Sect. 2.6 in 0). Let 7ii, . . . ,T-Cr 
be Hilbert spaces with orthonormal bases {e^ }i>i, • • ■ , {e^ }i>i- There exists a 
Hilbert space T — 7ii (8 ■ ■ ■ Cg) Tir and a bounded r-linear map !^: (xi, . . . ,Xr) i— » 
xi ^ ■ ■ ■ ^ Xr from Til x ■ ■ • x Ti.,- to Tii (g) ■ • • ® 7i,. satisfying: 

such that for any bounded r-hnear form: E: TLi x ■ ■ ■ x Tir -^ K satisfying: 

Y: |H(e«,...,eM)r<oo, 

there exists a unique bounded linear form L on T so that S = Lo^. This universal 
property allows to identify S to an element of T* . 

Proposition 4. For F,G (z Ths and r > 1, the map {x,ri) h^ Cr{F,G)(x,ri) 
belongs to the space of functions of Hilbert- Schmidt type J-hs- 

Proof. Each term in the finite sum ||7|l is of the form 

{{D^:l..^^F{x,n),D^:l..^Mx,ri))), (8) 

where ai, . . . , a^ = 1 or 2. From the definition of Ths, expression Q is well defined 
for any F,G £ J-hs and thus defines a function on W: 

$: {x,7^) ^ {{D^:l.^^F{x,n),D^:l,.^Mx,ri))). 

The case r = 1 has been already proved in Prop. |3 For r > 2, we need to 
slightly modify the argument used in the proof of Prop. |3 since the bilinear map 
(( , )) defined by Q is not a bounded bilinear form on the product of Banach 
spaces: 

C{H'-'^'\...,n'-"''^;K) xC{n^°''^\...,H^°''-^;K). (9) 

In order to show that ^ is in C°°{W, K), we shall use the universal property of 
the Hilbert tensor product Cgi mentioned above. For F,G£ J-hs, we can consider 
the bounded r-linear maps Dai---cirF{x,ri) and D J i^G{x,ri) as bounded linear 

forms on T^f") ee -H'^i' (g) ■ ■ ■ ® H'°"-> and H*"'> = Ti'^^'i' ® ■ ■ ■ » ■W*'^'), respectively. 
Then the unbounded bilinear map (( , )) on the product of spaces @ restricts to 
the natural pairing of Ti.^" ' ~ ff-'^)* and 7v^^' which is a smooth map. This shows 
that If belongs to C°°{W,K). 

An argument similar to the one used in the proof of Prop. 3 shows that the 
partial derivatives of $ involve a finite sum of terms of the form: 

il,...ij.>l 1 '^ 1 fa 
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where we have used the notations introduced at the beginning of Subsection 3.2. 
A direct apphcation of the Cauchy-Schwarz inequahty gives: 



I 1 2 

ji,...j„>ifci,...,fc,>i n,...ir>i 'i ''■ "i "b 

'l>---»r,3l>--- Ja>l Ii,...lr,fci,...,fcb>l -^ 16 

This shows that $ is of Hilbert-Schmidt type and hence {x,tj) h- > Cr{F,G){x,iff) 
belongs to Ths- □ 

We summarize aU the previous facts in the following: 
Theorem 1. Let the Cr 's be given by O), then the formula 

F4'G^FG + Y,^^Cr{F,G), (10) 

defines an associative product on J-H.s[[h]] and hence a deformation quantization 
{W,THs[[fi]],*i') of the Poisson space {W,Ths,{-i-})- 

Proof. That -kf^' : Tus^h]] x jr£fs[[S,]] — * J^iis[[?i]] is a bilinear map is a direct con- 
sequence of Prop.0]and Prop.|21 Associativity follows from the same combinatorics 
used in the finite-dimensional case and the fact that the derivatives distribute in 
the pairing {( , )) defining the Cr's. D 



4 On the equivalence of deformation quantizations on W 

We end this article by a discussion on the issue of equivalence of star-products on 
W . In the finite-dimensional case (i.e. on R^" endowed with its canonical Poisson 
bracket), it is well known that all star-products are equivalent to each other. The 
situation we are dealing with here, although it is a direct generalization of the 
flat finite-dimensional case, allows inequivalent deformation quantizations. We will 
illustrate this fact on a family of star-products of exponential type containing the 
important case of the normal star-product. 

4.1 The Hochschild complex 

The space of functions of Hilbert-Schmidt type Ths being an associative algebra 
over K, we can consider the Hochschild complex G'{J-hs, ^hs) and its cohomology 

One has first to specify a class of cochains that would define the Hochschild 
complex. Here the cochains are simply r- differential operators in the sense of Def.|21 
which vanishes on constants. The case where T — Ths in Def. |5| allows a more 
precise description of the r- differential operators. Consider an r- differential operator 
defined by: 
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where F\, . . . ,Fr G 3-hs and w = (x, rj) G W. For F £ JTji/s, the higher derivative 
D^"^' F{x, rj) defines an element of the m"^ tensor power of W (here we identify W* 
with W). For a fixed «; = (a;, »;) G 14^ and m > 0, the linear map F t-+ D'™^F(x, j;) 

from jr£f5 to W® is onto and we can look at the restriction of the r-linear form 

„(ni.....n.)(„)^ j,(ni,....n.) ^ C:^^(W,K) X ••■ X ^/^ (!¥, K) -. K, 

Til Tl^ 

to the product W® x---xM^® as a bounded r-linear form: 

a("i,....n.)(y^). w-® X ■■■ xH/® ^K, 

such that w k^ a("i"""'-)(w) is a smooth map from W to C(W® x • • ■ x iy®",]K). 
The Leibniz rule for the derivatives of a product can be written here for F,G £ 
J^HS as: 

k—m / \ 

= ;^ E E 7 (■D*"i"W®^'™"''GM)Ki® ■■■»»,.„), 

' o-eSm fc=o \ / 
where Sm is the symmetric group of degree m. 

Let A(F) = Em>o a*™'H-(^^'"''F(w)) be a differential operator with a'-"'^ G 

C°°(VI^, £(iy®,K)), then it follows from the above form for the Leibniz rule that 
for F,G £ Ths, A{FG) can be written as a finite sum 

mi .7712 >() 

for some 6('"i.'"2) ^ ^""(W, /:^(W ® x VF ® ,K)), and thus (f , G) h-> A(FG) is a 
bidifferential operator. The generalization to r- differential operators of this fact is 
straightforward. 

The Hochschild complex consists of multidiffercntial operators vanishing on 
constants, i.e., C'{Ths,^hs) = (Bk>oC'{J^HS,J^Hs) where, for fc > 1, the space 
of fc-cochains is: 

C (J^HSy^Hs) 

= {A: J-HS ~^ J~HS I A is a A:— differential operator vanishing on K}. 
The differential of a fc-cochain A is the (fc + l)-linear map 5 A given by: 

5A(Fo, . . . , Ffc) = FoA(Fi, . . . , F^) - A(FoFi, Fa, . . . , Ffe) + • • • (11) 

+ (-l)'=A(Fo, Fi, . . . , Fk-iFk) + (-l)'=+'A(Fo, . . . , Ffe_i)Ffe. 

satisfies 5"^ — 0, and according to the discussion above 5 A is a (fc + l)-differential 
operator, vanishing on constants whenever A does. Thus 5A is a cochain that 
belongs to C''^^{Ths,J~hs), hence we indeed have a complex. 

A fc-cochain A is a fc-cocycle if 6 A = 0. We denote by Z''{Ths,J~hs) the 
space of fc-cocycles and by B^{Ths,^hs) the space of those fc-cocycles which are 
coboundaries. The fc"" Hochschild cohomology space of J-rs valued in J-rs is de- 
fined as the quotient H''{Ths,3^hs) = Z''{J'hs,J'hs)/B''{J^hs,J'hs)- 
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4.2 Star-products of the exponential type 

Let B{Ti.) denote the algebra of bounded operators on H and B2(T~L), the two- 
sided *-ideal of Hilbert-Schmidt operators on TL . We shall describe a family of 
deformation quantizations {(VK, jFf/s[[ft]],*ft )}AeB(H)- Each star-product *,j where 
A G B{H) shall be the exponential of a Hochschild 2-cocycle, with the Moyal star- 
product corresponding to the case A = Q.lt will turn out that the set of equivalence 
classes of star-products of this type is parameterized by B{7i)/B2{'H)- 
Let A G B{H). For F,G e Ths, the map 

(x,r?) ^ EA{F,G)ix,r]) = (DiF(x, 77), AD2G(x, 77)) + {DiG{x,ri),AD2F{x,7^)) 

(12) 
defines a smooth function on W and is symmetric in F and G. Moreover we have: 

Proposition 5. The bilinear map {F,G) h-> Ea{F,G) is a Hochschild 2-cocycle. 

Proof. It is clear that 5Ea ~ and, since Ea vanishes on constants, it is sufficient 

to check that Ea is a bidifi^erential operator on {W,J-hs), i-e., that the smooth 

function {x,r]) h^ EA{F,G){x,ri) is of Hilbert-Schmidt type for any F,G £ Ths- 

Let {ei}i>i be an orthonormal basis of Ti and {e*}i>i the dual basis. Consider the 

basis {fi\i>i mW — 7i®T-C defined by fi — (ei+i ,0) if i is odd, and fi — (0, e* ) 

2 2 

if i is even. To show that Ea{F, G) is in Ths is equivalent to show that 

^ \d'^^EA{F,G){x,n)■{f.^,■■■J^r.)? <^- (13) 

holds for any n > 1 and w = (x, rf) G W . 
The chain rule applied to 

^■. W "^^ . H* X H '^" > K 

{x,r,) ^ {DiF{x,rj),D2G{x,r,)) ^ {DiF{x,tj),AD2G{x,tj)), 

shows that the derivatives of Ea distributes in the pairing ( , ) . 

The n"' derivative of Ea{F, G) in the direction of (/ij , . . . , /i„) is a finite sum 
of terms of the form: 

{D^'-^D^F{x,ri)-{h,:.. .,fk^),AD^'^D2G{x,ri).{fi„. . . ,/,J), (14) 

where r + s = n and (fci, . . . ,kr,li, . . . ,ls) is a, permutation of (ii, . . . ,i„), and simi- 
lar terms with F and G inverted. It is worth noting that D'^'^^ D\F{x, ni).{fki , ■ . ■ , fkr) 
is the element of TC* defined by the bounded linear form 

h^D^^+''>F{x,ri).{(h,0),fk„...,.fkJ 

on Ti and, similarly, D^"' D2G{x,ri).{fi^, ■ ■ ■ j .fh) is the element of Ti. defined by the 
bounded linear form on Tl*: 

^^D^^+''>Gix,v).mO,.fh,---,.fis)- 
The modulus squared of 1141 is bounded by the constant \\A\\^ak-^...krPii...hi where 
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a,,...,, =^|D'^+')F(x,r,).((e,,0),A,,...,/,J^ 

Since F,G £ Ths, we have N, Ofci...fcr < °o ^ind N, Ph-.-h < cxDj from 

fel,...,fe,.>l ii,...,is>l 

which inequality 11311 foUows. D 

For any A G B(7i), let us define: 

Ct{F,G) = {F,G}^EA{F,G) (15) 

= (DiF, (yl + I)Li2G) + {DiG, {A - 1)752^), 

where I is the identity operator on Ti. Plainly, Ci is a 2-cocycle with constant 
coefficients, and one can define a star-product by taking the exponential of Ci : 

f •ft G = e^p{hC^){F, G)=FG + J2 \Cr{F, G), 

r>l 

where C^ — {Ci Y in the sense of bidifferential operators. This formula defines an 
associative product on jrj:/s[[/i]], and we get a family of deformation quantizations 
{{W,THs[[h\\,*t)}A&B{H) of {W,Ths, {,■,•})• This family of star-products is easily 
described by their symbols. Let us consider the following family of smooth functions 
on VF: 

'^v,d^,'n)=exp{{n;V) + {i,x)), x,y £H, r),£,&l-i'. (16) 

The $y,^'s belong to J-hs and from 1151 1 we deduce that: 

G,^('^«,e,'^.',e') = {{t{A + l)y') + {^',{A~I)y)y <Py+y-,^+e, 

and consequently: 

^y,i *ft ^y',i' = exp {h{{^, {A + I)y') + {(' , {A - I)y))) <Py+y^,^+e ■ (17) 

Example 2. Set A = I in (O, then Cl{F, G) = 2{DiF, D2G) and the corresponding 
star-product reads 

fAG = FG + Y. ^(^P-1^' D^2.Ug). (18) 

It is the well-known normal star-product (or Wick or standard depending on the 
interpretation of the variables {x,ni) € W). The cochains defining the normal star- 
product G' correspond to only one term in the sum defining the r"^ cochain of 
the Moyal star-product, namely the term corresponding to ai = ■ ■ ■ = a^ = 1 and 
Pi = ■ ■ ■ = I3r = 2 m the sum (|7J . One would expect that conditions Q defining 
the functions of Hilbert-Schmidt type are not all needed in order to make sense 
of the normal star-product and would guess that this product can be defined on a 
wider class of functions. Actually, the normal star-product defines a deformation 
quantization on a larger space of functions (containing the free Hamiltonian) that 
we shall describe in a forthcoming paper. 
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At this stage, a natural question arises: are the deformation quantizations 
{{W,J-Hs[[!'i]],*h )}asB(h) equivalent to each other? The answer is given in the: 

Proposition 6. Let A G B{Ti.). The Hochschild 2-cocycle Ea defined by IJgl) is a 
coboundary if and only if A is a Hilbert- Schmidt operator. 

Proof. Let Ahe & Hilbert-Schmidt operator on Ti. The map from W to K defined 
by {x, rf) I— > [r], Ax) is of Hilbert-Schmidt type and therefore there exists a bounded 
linear form A: Ti* (g) 7i — > K so that {r],Ax) — {A,ri ® x). The 2-cocycle Ea can 
then be written as: 

Ea{F,G) = {A,DiF ® D2G + DiG ® D2F), F,GeTHS- 

For F £ Ths, the mixed derivative ofr^F belongs to G°°{W,C{H ® H* ,K)) ~ 
C°° {W,n* (E)H) and Ta (F) (a;, r?) = -{A, o'i^^^ F{x,ri)) defines a differential operator 
on {W, J-Hs) vanishing on constants. For any two functions in Ths, the Leibniz rule 
reads: 

D^r^{FG) = FD[1\g) + GDf^{F) + DiF ® D2G + DiG ® D2F, 

it belongs to C°° {W,Ti.* ® 7i) and a simple computation gives STa = Ea, therefore 
Ea is a coboundary if A is in the Hilbert-Schmidt class. 

Conversely, if Ea is a coboundary, there exists a differential operator S on 
{W,J-Hs) vanishing on constants, so that Ea = SS. If a term of degree one occurs 
in 5 (a derivation) it can be subtracted without changing 5S, hence we can assume 
that 5* has the form: 

S{F){x,ii) = J2 a^"'\^,n)-{D^'^^F{x,n)), 



where a*™' e C°°(W, £(W®,]K)) and only finitely many of them are nonzero. By 
computing 5S and using Ea ~ SS, we find that only the term of degree 2 con- 
tributes: 

{DiF{w) AD2G{w)) + {DiGiw),AD2F{w)) 
= ~a'^^\w).{DF{w) ® DG{w) + DG{w) (g, DF{w)), w = (a;, 77) G W. 

If we evaluate the equality above on F{x,r]) = {^,x), (, £ Ti* , and G{x, rj) = {rj, y), 
y Gfi, we find (with a slight abuse of notations): 

{^,Ay) = ~a^'\w).{^ ® y), W^ E H* ,\/y e H, 

from which follows that A G B{Tl) is a Hilbert-Schmidt operator on H, as a^^'{w) 
is a bounded linear form on Ti* ®Ti.. □ 

As an immediate consequence of Prop. Q, we deduce a classification result for 
deformation quantizations of exponential type {{W,J-Hs\}K^,*h )}ag8{h)- 

Theorem 2. Let A, B £ B{H). Two deformation quantizations {W,THs[[h]],*h) 
and {W,J^Hs[[h]],*^) are equivalent if and only if A — B is m the Hilbert-Schmidt 
class. Consequently, the set of equivalence classes of {{W,J-Hs[[h]],*^)}AeB(H) Js 
parameterized by B{Ti)/B2{Ti.). 
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Proof. Suppose that •^ and -k^ are equivalent, i.e., there exists a formal series 
of differential operators vanishing on constants: T = Idjr^g + X^^>i !fTr, so that 
T{F -ki G) = TF •f TG. Then it follows that Ct = C? + STi and, from the 
definitions 11211 and 11511 of Ea and Ci , we have Ea-b = Ea — Eb = (JTi, showing 
that Ea-b is a coboundary and hence A — B is & Hilbert-Schmidt operator on 7i. 
Conversely, if 5* = A — B is a Hilbert-Schmidt operator, it defines a bounded 
linear form S on Ti* ® TC and a differential operator Ti{F) — —{S,D\2F) on 
(VK, .7-Hs) (cf. the proof of Prop.jSJ. Since the star-products -k'f^ and -kj^ are defined 
by constant coefficient bidifferential operators, it is sufficient to establish the equiv- 
alence at the level of symbols. Now define the formal series of differential operators 
T = exp{hTi). Its symbol is given by T{$y^^) = exp(/i{^, (B - A)y))$y^^, where 
^y,^ has been defined in 1161 . Using the symbol 1171 associated to a star-product, 
we find: 

T{$y,i *h ^y',i') = T$y,^ *n T$y' .i' , V, V & ^, ?- ^' £ H* . 

Therefore the deformation quantizations {W,J-Hs[[t'i]],*h) ^nd {W,THs[[!'i]],kh) 
are equivalent. D 

The Moyal and normal star- products correspond to ^4 = and ^4 = I in 1151 . 
respectively. Since the identity operator on the infinite-dimensional Hilbert space 
TC is not in the Hilbert-Schmidt class, we have: 

Corollary 1. The Moyal and normal star-products are not equivalent deformations 

on{W,THsm]). 

Remark 4- One can generalize the class of exponential type of star-products by 
allowing formal series with coefficients in S(7i) in 1151 or 1171 . The set of equivalence 
classes would then be {B{T-l)/B2{'H))[[h]]. Since we did not show that any star- 
product on {W,J-HS, {-, ■}) is equivalent to a star-product of the exponential type, 
{B{Ti)/B2{Ti.))[[h]] can only be considered as a lower bound for the classification 
space of all the star-products on {W,J-hs, {■, ■})• 

Remark 5. Recall that all the star-products on R^" endowed with its canonical 
Poisson structure are equivalent to each other. This fact should be put in relation 
with Von Neumann's uniqueness theorem on the irreducible (continuous) represen- 
tations of Weyl systems associated to the canonical commutation relations (CCR) 
{lijPj} = ^ij- The inequivalent representations of Weyl systems associated to the 
infinite dimensional CCR have been described long time ago by Carding and Wight- 
man [7|, and Segal |10| . Here the existence of inequivalent deformation quantizations 
conveys the idea that there should be a close link between the set of equivalence 
classes of star-products and representations of Weyl systems associated to the CCR. 
It might turn out that they actually are identical. 
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